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ABSTRACT
Context. In the seminal works of Zeldovich et al. (1968) and Peebles (1968), a procedure was outlined to obtain the equation of
evolution of the hydrogen fraction without an explicit use of the radiative transfer equation. This procedure is based, explicitly or
implicitly, on the concept of escape probability and, using the Sobolev approximation for this problem (Sobolev 1960), has extensively
been used since then in developing refined approximations.
Aims. To derive in a simple, rigorous and general manner the above mentioned procedure and to obtain exact analytical expressions
for the spectral density of radiation generated at one photon and two photon recombination transitions. These expressions are used to
estimate the implications of several interesting effects.
Methods. Some slight re-elaborations of basic principles of transport theory.
Results. We have obtained the expressions searched for and used them in several explicit computations. We have found that the relative
change in the electronic fraction due to the absorption by the two photon line, 1s → 2s, of photons that have escaped from the line
2p → 1s is 0.67%, that is a result 12% higher than the previous ones obtained using some approximations (Kholupenko & Ivanchik
2006; Hirata 2008). The photons generated by the transition 2s → 1s and later absorbed by the same transition (in combination with
a photon more energetic than its original partner) imply a 0.05% maximum variation of the electronic fraction. This problem has not
been treated previously analytically, although a numerical estimate have been recently carried out in Chluba & Thomas (2011).
Key words. cosmic background radiation
1. Introduction.
The initial aim of this work was to give an account of the basic
recombination picture through the escape of photons generated
by hydrogen transitions in an as rigorous and simplified manner
as possible. To this end, we have computed the hydrogen for-
mation rate (in the ground state) due to the escape of Lyman α
photon by mean of the escape probability. This has been done
by a number of people (Zeldovich et al. 1968; Peebles 1968;
Seager et al. 2000) in slightly different presentations using the
Sobolev escape probability. To deal with the hydrogen destruc-
tion through absorption of CMB photons, we advanced an ex-
pression for the hydrogen net generation rate which is simply
equal to the generation rate through escaping Lyman α photons
times one minus the ratio of the actual hydrogen number den-
sity and that given by equilibrium. The expression satisfies the
necessary requirement that in equilibrium the net rate is zero but
it’s not easy to prove that this expression is exact at intermediate
cases where equilibrium does not hold but where the correction
factor still differ substantially from one.
It could seem that the expression is obviously true: if all Ly-
man α photon escape, the net hydrogen generation rate would
be equal to the difference between the number of transitions
2p → 1s and 1s → 2p per unit time and unit volume; if the
escape probability is smaller than one, the net rate should be
modulated by this probability. However, on closer scrutiny, this
turns out to be not obvious at all. In particular, it’s not transpar-
ent the meaning of the escape probability multiplying the hydro-
gen destruction rate. Fortunately we have found a way to frame
the problem that allows a rigorous and simple manner to prove
that expression. In fact, in Peebles (1968) a derivation for this
is provided, but it’s not as simple and transparent as the one
given here. On top of that, we have found that our approach to
the problem makes it possible an exact treatment of the prob-
lem by mean of a single differential equation, even when lines
with frequencies higher than Lyman α are considered. Using our
procedure to make an exact computation is beyond our interest
and the scope of this work is to illustrate the relevance of the
correcting terms with respect to similar but not exact treatments
(Seager et al. 2000): we consider in detail examples of two pro-
cesses. One of the processes is the absorption in the Lyman α
line of photons generated by transitions leading to more ener-
getic photons which are then redshifted into the Lyman α. The
other processes concern the two photon transition (2s → 1s),
that we have noted that can not properly be treated as a single
line, as is usually done in the standard scenario. When properly
treated, stimulated emission plays a non-negligible role. We have
found that this point has also been treated by Chluba & Sunyaev
(2006), (Kholupenko & Ivanchik 2006) and Hirata (2008) . The
other two photon processes that we consider are: the absorp-
tion by the line 2s → 1s of a photon generated by the transi-
tion 2p → 1s (Kholupenko & Ivanchik 2006; Hirata 2008) with
frequency να and redshifted to ν when combined with a CMB
photon with frequency ν′ such that ν + ν′ = να and transitions
1s → 2s generated by one of the two photons emitted at an ear-
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lier 2s → 1s, and that collectively escaped from that line through
redshifting, combined with a CMB photon so that the sum of the
frequencies is equal to να.
2. Rigorous derivation of the basic equation.
If all the hydrogen is formed through a Lyman α transition it’s
clear that the time derivative of the hydrogen comoving density
in the ground state is given by the following effective equation:
dnH1s
dt = p2p,1snH2p A2p,1s
(
1 + (e hναkT − 1)−1
)
− (1 − eτ2p,1s )H(z)να a
3(t)B(να)
hνα
(1)
where nH2p is also comoving,
a3(t)B(να)
hν is the comoving den-
sity of photons in a unit frequency interval, a(t) is the scale fac-
tor, p2p,1s is the escape probability and where we have taken into
account the spontaneous and stimulated emission. The rational
for this expression is that an hydrogen is created for any photon
escaping from the line towards smaller frequencies (the first term
on the right in equation (1)), while an hydrogen is destroyed by
any photon redshifted on to the line. The number of transitions
1s → 2p per unit time and frequency interval is given by the
number of photons being redshifted into the line per unit of time
and volume:
(H(z)να)
(
B(να, T )
hνα
)
(2)
multiplied by the probability for a photon to be absorbed
while crossing the entire line (from the blue side to the red one),
which in terms of the optical depth, τ can be written in the form:
1 − e−τ2p,1s
Notice that expression (2) is simply the product of the pho-
tons “speed” in ν-space (first parenthesis) by the ν-space photon
number density per unit volume (second parenthesis). We have
written expression (1) in terms of the general concepts denoted
by p and τ, so that it can account for the fact that the emis-
sion and absorption profiles are not identical (Chluba & Sunyaev
2009). To compute τ one must use the real absorption profile (ex-
cluding coherent scattering) so that
1 − e−τ
is the “kill probability”. On computing p one must take into ac-
count that when an “absorbed” photon (including coherent scat-
tering) is “reemitted” there is a superposition of real absorption
and emission, with a frequency change distribution correspond-
ing to the intrinsic width of the line plus the thermal widen-
ing and coherent scattering while for which the widening is es-
sentially thermal. So, the “absorption” and “emission” profiles
are not equal, although for real absorption and coherent scat-
tering separately they are. Furthermore, two photon transitions
from the 2p state to higher levels also contribute to widening
the emission profile; this effect turns out to be the main effect
in producing asymmetry between emission and absorption pro-
files (Chluba & Sunyaev 2010). In what follows, however, we
shall not consider this fact, that is negligible as long as the ther-
mal width it is much larger than the intrinsic one, and we use
Sobolev (Seager et al. 2000) for p(S ob) and τ(S ob) where the sub-
script (S ob) refers to Sobolev values for probability and opacity.
From this point, we use p ≡ p(S ob) and τ ≡ τ(S ob) for simplicity
in the notation.
Let us comment on the relationship between expression (1) and
the equation for the evolution of the number density of hydrogen
(in the ground state) in an straightforward approach:
dnH1s
dt = nH2p (A2p,1s + B2p,1sJ(να, T )) − nH1s B1s,2pJ(να, T ) (3)
where nH1s , nH2p are the comoving number densities and
J(ν, T ) is the spectral energy density of radiation, that it’s made
up of the initial black body radiation and that coming out from
recombination lines, and whose evolution is given by the corre-
sponding radiative transfer equation.
In expression (1) we make a different grouping of the terms
than in (3). In (1) we divide all photons in the line να in two
categories: those generated by previous 2p → 1s transitions and
those generated much earlier (when most of CMB photons were
lastly generated before starting a merely passive evolution) and
passively redshifted into να. The transition involving the first cat-
egory are accounted for by the first term in (1), while those in the
second are accounted for by the second term. To compute this
last term in (1) it’s essential the assumption that new photons
getting trapped within the line (those already trapped are already
included in the first term) are only those in the preexisting (be-
fore recombination) black body CMB (those due to higher fre-
quency recombination lines will be considered later) being red-
shifted into the line. If the CMB were not evolving passively but
there were processes generating new photons, an additional term
should be included in (1). After some algebra, equation (1) may
be written in the form:
dnH1s
dt =
1 − e−τ2p,1s
τ2p,1s
(nH2p A2p,1s
(
1 + (e hναkT − 1)−1
)
− nH1s B1s,2pB(να))
(4)
where nH1s , nH2p are comoving densities. If neutral hydrogen
were formed only through the two photon transition 2s → 1s, an
equation similar to (4) would hold in as much as the transition
can be described by a one photon model. The same holds for any
other line if it were the only generating neutral hydrogen. When
all lines contribute simultaneously, the equation of evolution for
nH1s , in first approximation, has in the right hand side a sum of
terms as that in (4) (one for each line).
dnH1s
dt =
∑
i
(
pi,1snHi Ai,1s
(
1 + e
hνα
kT − 1)−1
)
+
− pi,1snH1s B1s,iB(νi)
)
(5)
where for formal simplicity in the forthcoming equations we
use the following net rate definition:
Ci ≡ pi,1snHi
(
Ai,1s
(
1 + (e hναkT − 1)−1
)
− nH1s B1s,iB(νi)
)
To gauge the relevance of various terms in our formally exact
formalism, we use an evolution equation for nH1s with just the
transition 2p → 1s and 2s → 1:
dnH1s
dt = p2p,1snH2p A2p,1s
(
1 + (e hναkT − 1)−1
)
+
− p2p,1snH1s B1s,2pB(να)+
+ nH2s A2s,1s
(
1 + (e hναkT − 1)−1
)
+
− nH1s B1s,2sB(να)
(6)
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The parenthesis multiplying the positive terms include a term
corresponding to stimulated emission. This inclusion is merely
formal because, in practice, the stimulated emission is com-
pletely negligible for one photon lines, but it will be of some
relevance when the rigorous treatment of the two photon transi-
tion is carried out. Notice that we have set p2s,1s ≡ 1 for the tran-
sition 1s → 2s. This have been done by Peebles (1968) based on
the fact can generate by itself a transition 1s → 2s. In a forth-
coming work we will deal with the details of this problem and
show that although Peebles assumption is not exactly true it’s in
practice perfectly valid. As long as other lines are not consid-
ered, the emission and absorption profiles are considered equal
and the two photons effects are neglected, expression (6) is the
right equation to use, because the photons escaping from any of
the two transitions can not generate the other transition.
In Figure 1 we compare our results obtained integrating equa-
tion (6) (assuming that all but the fundamental level are in ther-
mal equilibrium and a common temperature for matter and radia-
tion) with the results of the RECFAST code (Seager et al. 2000).
The differences in the evolution come from two different causes:
the general separation between the two curves (beginning at high
redshift) is due to the detailed study done in RECFAST, where a
300-level atom is represented by adjusting the fudge factor in the
hydrogen equation and secondly from our hypothesis of equilib-
rium in the excited states that increase the separation at low red-
shift. The maximum of the visibility function, i.e., the redshift at
which recombination occurs is at zls = 1081.
3. Absorption of "escaped photons" at lower
frequencies resonances.
Expression (6) assumes that the photons being redshifted into
the lines are only those preexisting in the Planckian background
and not remnant from previous recombinations. If these photons
where to be present they could only come from transitions with
frequency larger than να.
This problem has been exhaustively studied in
Chluba & Sunyaev (2007). Here we present a simple and
rigorous procedure to deal with it.
Due to the strongly suppressing Boltzmann factor, all levels with
n > 2 have negligible occupation number (n = 2 itself is negligi-
ble respect to nH1s but being much larger than the abundance of
higher level it is the dominating way to generate nH1s ), therefore,
the dominant process generating photons with frequency larger
than να is the recombination to the fundamental state. However,
this will result in photons with frequency larger than να (that
corresponding to an energy of 13.59 eV) by a non-negligible
amount, and, therefore, it will take a large amount of time be-
fore it is redshifted below να. Thus, even when the cross section
for the absorption of these photons by nH1s it is not resonant,
almost all photons will be absorbed since the generation of pho-
tons with ν > να is very small for all the potential processes
and it is not clear without detailed computations which one will
dominate. However, for completeness, we give here the modi-
fication of equation (6) needed when only one extra line (other
than 2p → 1s or 2s → 1s) is considered. The generalization
to the case of more than one line is obvious. The extra terms to
be included in expression (6) when there is just one line with
νi > να is:
Ci(z) − (1 − e−τ2p,1s )H(z)να Ci(zi)
νiH(zi)
1 + zi
1 + z
(7)
1 + zi = (1 + z) νi
να
where τ2p,1s is as defined in equation (1) and Ci(z) is the term
corresponding to the i_th line in expression (5). The first term is
simply that corresponding to the line i in expression (5) (here we
have assumed a transition to the fundamental state, but this is im-
material); the last term corresponds to those photons, generated
in previous transitions (line i), which have not been included in
the negative terms in (6). To obtain those terms we have assumed
that only black-body photons were being redshifted into να, now
we are including (in subtractive mode) those photons generated
at νi and redshifted into να. Note that in the second term in (7)
we have assumed that the photons being redshifted on to νi are
merely black-body. If lines with ν > νi where relevant correcting
terms should be added which are in the same relationship with
respect to (7) that (7) keeps with respect to (6).
In (7) zi is the redshift at which it was generated a photon with
frequency νi that at time z has already been redshifted to να. The
reason for the last term in (7) is as follows: Ci(zi) photons (with
νi) are generated in unit time in a unit comoving volume. Due
to the expansion of the universe, the frequency of the photons
generated at the beginning of the unit of time have redshifted an
amount ∆ν = −νiH(zi) during that unit of time. Therefore, those
photons are spread over an interval in frequency | ∆ν | and their
spectral density (per unit of comoving volume) is Ci(zi)/νiH(zi).
Now, the rate at which these photons are crossing the line να is
equal to the spectral density at να at the time that νi have been
redshifted to να (i.e. at redshift z) multiplied by the "velocity" of
the photons in ν-space (i.e. ναH(z)). But the spectral density at
that time is equal to that at generation multiplied by (1+zi)/(1+z)
because the interval∆ν has decreased by the factor (1+zi)/(1+z).
It only rest to multiply this flux per unit time and unit comoving
volume by the factor (1 − e−τ2p,1s ) to obtain the rate at which
nH1s is being destroyed by photons generated at νi. Noting that
να/νi = (1 + zi)/(1 + z), the last term in (7) simplifies to:
(1 − e−τ2p,1s ) H(z)
H(zi)Ci (8)
Using expressions (6) and (7) and its generalization nH1s can
be obtained exactly integrating a single differential equation as
long as the occupation of other levels is given by equilibrium and
two photons effects are neglected.
4. Proper treatment of the two photon transition.
In expression (6) we have assumed that the transition 2s → 1s
could be described by a one photon model. This means that to
obtain the rate of transitions 2s → 1s and 1s → 2s, expressions
formally equal to that corresponding to a one photon line with
frequency να (with the standard relationship between absorption
and emission coefficients) are used, although, when determin-
ing the escape probability for couples of photons generated from
transitions 2s → 1s we have not used the one photon model
(which gives probabilities around 1/2 in the relevant range of
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Fig. 1. Comparison between the integration of equation (6) assuming n = 2 in thermal equilibrium and matter in equilibrium with radiation,
and the RECFAST code (Seager et al. 2000). The differences at high redshift are due to the fudge factor in RECFAST, that emulates a 300-level
hydrogen atom. At low redshift the separation is due to our equilibrium assumption among the excited levels. Using equation (6) we have obtained
that recombination occurs at zls = 1081.
z values), but the generally accepted value of one. In a forth-
coming work we will rigorously justify that this value represents
a very good approximation and deal in detail with some issues
concerning the two photon transition. Here we simply present
the results that are of some relevance in determining the recom-
bination history.
The first question that we consider is the change of equation
(6) implied by the correct treatment of the two photon transition
keeping the assumption that the background photons are only
those of a passively evolving primordial Planckian. The transi-
tion 2s → 1s is characterized by the probability per unit time
and unit frequency interval A2s,1s(ν/να):
1
2
∫ να
0
A2s,1s( ν
να
)dν = A2s,1s (9)
A sufficient approximation for A2s,1s(ν/να) is given in
Nussbaumer & Schmutz (1984):
A2s,1s( ν
να
) = C
να
(
(1 − 4w)γ + 4αwγ+β
)
(10)
where C = 201.96, α = 0.88, β = 1.53, γ = 0.8 and w =
ν
να
(1 − ν/να). The factor 1/2 weights correctly that two photons
are emitted in each transition. The absorption coefficient B(ν/να)
is given by:
B1s,2s( ν
να
) = A2s,1s( ν
να
)
(8pihν3
c3
8pihν′3
c3
)−1
(11)
NH2s = nH1s B1s,2s(
ν
να
)J(ν)J(ν′)
where ν′ ≡ να−ν, c is the speed of light and NH2s is the num-
ber of absorptions per unit time, unit volume and unit frequency
interval generated by a couple of photons with frequencies ν and
ν′ via the 1s → 2s line while J(ν) and J(ν′) are the energy den-
sities per unit of frequency interval. In terms of the occupation
number φ(ν):
φ(ν) = J(ν)hν
(
c3
8piν2
)
(12)
where the first factor is the number of photons per unit vol-
ume and unit frequency interval and the second is one over the
number of mode per unit frequency interval. The same formal
dependence is also valid for J(ν′). So, the net hydrogen nH1s gen-
eration through the line 2s → 1s is given by the net balancing
between the generation terms (spontaneous and stimulated emis-
sion) and the destruction term:
nH2s
1
2
∫ να
0
A2s,1s( ν
να
)(1 + φ(ν))(1 + φ(ν′))dν+
− nH1s
1
2
∫ να
0
A2s,1s( ν
να
)φ(ν)φ(ν′)dν
(13)
It’s clear that the contribution of the spontaneous and stimulated
emission is in the first integral in (13) while the absorption ap-
pears in the second one. In fact, the contribution of the “one” in
the cross products of the first integral is exactly the term defined
in equation (9) whereas the other terms are the stimulated emis-
sion contribution. Finally, substituting equation (13) in equation
(6) in the place of the net 2s → 1s rate defined as one effec-
tive line we find the results plotted in Figure 2 where it is shown
that recombination occurs faster than the standard model due to
the dominant effect of the stimulated emission and a maximum
relative difference of −1.3% in the electronic fraction xe around
z ∼ 1100 as in Chluba & Sunyaev (2006).
5. Absorption of escaped 2p→ 1s photons.
In the conventional calculations, once a photon has escaped from
the high opacity line it can travel freely without any other line
Lyman α interaction. However, the existence of the two photons
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Fig. 2. Relative difference between the treatment of the line 2s → 1s as one photon line and the rigorous treatment using equation (13). We see
maximum differences of −1.3% in ∆xe
xe
in agreement with Chluba & Sunyaev (2006). With our definition of the relative fraction the fact that it is
negative means that recombination occurs faster than using equation (6). With this treatment we have obtained zls = 1081.
line opens a new way to destroy hydrogen; the reabsorption of
those photons “already escaped” and redshifted to a frequency
ν (from the 2p → 1s line) via a combination with, either CMB
photons remnant that are evolving passively with the expansion
or another redshifted photons coming from the 2p → 1s line
such that ν + ν′ = να. As it is aforementioned, this term has
been explicitly treated in Kholupenko & Ivanchik (2006) with
some approximations. In this work, we present a different deriva-
tion of this effect without any relevant simplifications. It corrects
the standard calculations done by the reference codes like REC-
FAST (Seager et al. 2000) and Chluba & Sunyaev (2006) work,
where other effects of the 2s → 1s transition have been accu-
rately dealt with.
The effect of this excess of Lyman α photons modifies the radi-
ation field profile (initially black-body) as follows:
J(ν) = B(ν) + F2p(ν) (14)
where F2p(ν) represents that excess of Lyman α photons, i.e.,
the net number of photons per unit volume and frequency inter-
val escaped from the 2p → 1s line that are then redshifted to a
frequency ν. In other words, we follow the history of a photon
emitted at redshift z′ with frequency να and that are absorbed
through the 1s → 2s at redshift z conjointly with a photon of
frequency ν′. With the considerations given in section [3], we
have for F2p(ν):
F2p(ν) = hν
C2p,1s(z′)
a3(t)νH(z′) (15)
ν
να
=
1 + z
1 + z′
z′ ≥ z
where C2p,1s(z′) is the term corresponding to 2p → 1s in
equation (5) which give the net number of transitions per unit of
comoving volume and time at redshift z′, and a3(t) converts it to
physical units. Taking into account (14) and (15), this corrective
term takes the form of:
d∆n(2p)H1s
dt = nH1s (z)
1
2
∫ να
0
(
B1s,2s( ν
να
)J(ν, T )(ν)J(ν′, T )+
− B1s,2s( ν
να
)(B(ν, T )B(ν′, T )
)
dν
(16)
where the superscript 2p indicates that the variation ∆nH1s is
produced due to the reabsorption of redshifted Lyman α pho-
tons. The rational for the negative term is that it has already been
treated in equation (13). We show our results in Figure 3 where
we have found important differences of∆xe/xe = 2% at z ∼ 1000
and a variation of one unit in zls = 1080. In Figure 4 we have
computed the total fractional difference using equation (6) com-
pared with the two 2s → 1s corrections that we have dealt with,
that is, using (13) and (16) in (6) in order to compare it with the
results obtained by other authors (Kholupenko & Ivanchik 2006;
Hirata 2008). We have found a total fractional variation of 0.67%
at z ∼ 900, that differs in a 12% if we compare it with the 0.6%
presented in the above mentioned papers.
6. Absorption of escaped 2s → 1s photons.
We present for the remnant 2s → 1s photons, i.e., those escaped
from the two photons line that increase the number density of
photons in relation to the equilibrium distribution, an analogous
analysis that we have carried out in the previous section. So, we
need to evaluate the probability that at z′ a two photon transition
is produced with a certain frequency distribution, track them un-
til z and check the probability that those two photons interact
with their complementary (such that the sum is να) plus an hy-
drogen in the fundamental state nH1s . To evaluate the effect of
these processes we use an equation analogous to (16).
d∆n(2s)H1s
dt = nH1s (z)
1
2
∫ να
0
(
B1s,2s( ν
να
)
(B(ν, T ) + F2s(ν))((B(ν′, T ) + F2s(ν′))
)
dν
(17)
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Fig. 3. Relative difference introduced due to the inclusion of the 2p →
1s correction with. We find a a maximum variation of 2% at z ∼ 1000.
This correction slightly modifies zls = 1080 with respect to equation
(6).
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Fig. 4. Total relative difference obtained in the electronic fraction if we
take into account the main 2s → 1s correction effect (equation (13))
plus the reabsorption of the Lyman α ’escaped’ photons (equation (16)).
The maximum variation is about 0.67% at z ∼ 900, that is slightly differ-
ent to the value obtained by Kholupenko & Ivanchik (2006) and Hirata
(2008).
where ∆n(2s)H1s is the change implied for the comoving density
of hydrogen in the ground state (1s) by the present processes.
Now, we can not obtain F2s(ν) in the simple manner given in
(15), which corresponds to one photon transition. But we can
use this expression to obtain the number of couples of photons
with global frequency ν¯ (the sum of the redshifted frequencies)
per unit volume and unit of global frequency interval, that we
represent by g(ν¯):
g(ν¯) = hν¯ C2s,1s(z
′)
a3(t)ν¯H(z′) (18)
z′ =
1 + z
ν¯
να
− 1
z′ ≥ z
Let us represent by G2s(ν) the spectral density of photons corre-
sponding to F2s(ν).
G2s(ν) ≡ F2s(ν)hν
This quantity can be related to g(ν) through the following ex-
pression:
∫ ∞
ν
G(ν′)dν′ =
∫ να
ν
g(ν¯) (P1(ν | ν¯) + P2(ν | ν¯)) dν¯ (19)
where P1(ν | ν¯) is the probability that a couple of photons
with global frequency ν¯ contains a photon with frequency larger
than ν whereas P2(ν | ν¯) is the probability that contains two.
The relationship expresses the fact that the comoving density of
the relevant photons (those coming from 2s → 1s transitions)
with frequency larger than ν at redshift z (the dependence on
z is implicit everywhere) is equal to the comoving density of
couples of photons with ν¯ between ν and ν+dν multiplied by the
probability of that couple containing a photon with frequency
above ν, while any couple with two photons contribute with an
extra photon. So, for P1 and P2 we have:
P1(ν | ν¯) =
∫ να
ν
A2s,1s( ν′ν¯ ) dν
′
ν¯
A2s,1s
να
P2(ν | ν¯) =
∫ ν¯−ν
ν/2 A2s,1s( ν
′
ν¯
) dν′
ν¯
A2s,1s
να
These expressions can be obtained immediately by obtain-
ing from equations (9) and (10) the probability distribution for
the ratio ν/να for the “largest” photon in the couple ( ννα ∈ [ 12 , 1])
and noting that ν′/ν¯ follow the same distribution, since all fre-
quencies have been redshifted by the same factor.
Deriving (19) with respect to ν one can readily obtain an explicit
expression for G2s(ν):
G2s(ν) = ddν
∫ να
ν
g(ν¯)P1(ν | ν¯)dν¯ =
∫ να
ν
g(ν¯)A2s,1s( νν¯ ) dν¯ν¯
A2s,1s
να
(20)
If we compare the relative fractional variation ∆xe/xe with
the values of xe obtained using (13) we find a maximum differ-
ence of 0.05% at z ∼ 1025, as it can be seen in Figure 5. This
effect has not been treated explicitly and separately analytically
previously because of the lack of an appropriate analytic for-
malism. However, this method has been treated numerically in
Chluba & Thomas (2011).
7. Conclusions.
We have studied the recombination process with a somewhat dif-
ferent approach, showing how to deal within it in a simple man-
ner several particularly interesting small effects. From a concep-
tual point of view our main goal has been the simplicity of the
approach and the rigour of the corresponding formalism, while
from a pragmatic point of view we have centred on assessing
the implications of some outstanding effects, one of which has
not previously been treated, using that formalism and an “unper-
turbed" recombination sequence that is basically that given by
Peebles (1968). It has not been our goal to carry out highly ac-
curate computations, but to point out simplifications that could
be implemented or effects that could be included in the existing
accurate codes.
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Fig. 5. Relative difference introduced due to the inclusion of the 2s →
1s correction. Our maximum difference is around 0.05% at z ∼ 1025.
– We have developed a formally exact approach to the recom-
bination problem without an explicit use of the radiative
transfer equation. Our simple and rigorous framing of the
problem hinges around two issues: first using equation (1)
for the recombinations associated with each relevant tran-
sition, under the assumption that the background radiation
is purely Planckian and, secondly, a procedure for comput-
ing the spectral energy density corresponding to the radia-
tion generated at transitions, the implementation of this pro-
cedure lead to expressions (7), (15) and (18). Using our ap-
proach we have shown how to account exactly for the absorp-
tion at resonances of photons that have escaped from higher
frequency lines.
– We have made an appropriate treatment of the 2s → 1s
line, avoiding its treatment as one effective Lyman α, as is
commonly used in studying recombination. We have found
that the stimulated emission affecting the small fraction of
photons generated at this transition, which have frequencies
much smaller than να, accelerate the recombination, render-
ing a maximum relative difference for the electronic frac-
tion of −1.3%. This result is in a good agreement with the
previous (Chluba & Sunyaev 2006; Kholupenko & Ivanchik
2006; Hirata 2008).
– We have treated explicitly and separately the reabsorption
of photons which have escaped from the 2p → 1s line by
the transition 1s → 2s conjointly with another photon. Ac-
counting for this effect imply a maximum difference of a
2% for the electronic fraction at z ∼ 1000. Adding the ef-
fect treated in the previous point and the present one we find
a maximum difference of a 0.67%. Previously, it has been
found with some approximations roughly a 0.6% maximum
difference in the electronic fraction (Kholupenko & Ivanchik
2006; Hirata 2008).
– We have done the analogous study for the photons gener-
ated by 2s → 1s transitions which are later absorbed at this
transition in combination with a photon different from its
original couple. Accounting for this effect lead to a maxi-
mum difference of 0.05% for the electronic fraction at z ∼
1025 compared with the correction mentioned in the first
point of these conclusions. This result can be compared with
Chluba & Thomas (2011). Although this effect is included
in the codes which integrate the radiative transfer equation
and make an appropriate treatment of the two photon lines,
no explicit and separate study of this effect seems to have
been done previously. It is interesting to comment the fact
that the effect discussed in this point is so much smaller than
that discussed in the previous one. The net rate of transitions
2s → 1s is roughly one and a half that of 2p → 1s, and the
number of photons being generated at the former is around
three times of the number of those being generated at the
latter (two photons are generated in each 2s → 1s transi-
tion). But the photons generated at a 2s → 1s transition has
to combine with a primordial photon to be reabsorbed, and
the occupation number of the primordial radiation is non-
negligible only for frequencies much smaller than να. Thus,
the photons under consideration can be absorbed through the
transition 1s → 2s when their frequencies are very close to
να. The probability for the photons generated at the transi-
tion 2s → 1s to be within this narrow range of frequencies is
small (around a 0.05%) , what explains the small relevance
of the effect.
The points we have mentioned above illustrate the potential of
our approach to provide accurate and relatively simple evalua-
tion of various effects that might be relevant to the recombina-
tion process. Our approach can handle all the physical details
that could be relevant to the process, for example, it can exactly
be use to account for the fact that the emission and absorption
profiles are not equal Chluba & Sunyaev (2009) or even the ef-
fect of Raman scattering Hirata (2008).
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